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“Moment Distribution Method for Continuous 
Beams and Framed Structures.’’ 


ERRATA. 


Page 9, Fig. 7. A -¥° and not a +¥¢ sign should prefix the 
‘ right-hand figure of 9°37 in the 3rd distribution. 


Page 9, Fig. 9. The loads causing the F.E.M.s of 40 in the 
left-hand span are 9 Ib. loads at the third points of the span. 


Page 42. For the first type of loading given for M, read M, 
and vice-versa. Le 


For the fourth type of loading given, for 6a/? read 67. 


Page 43. For the second type of loading, the formula given 
is for where half a unit load is carried at the supports, 7.¢., where 
there are n—1 loads of P/n symmetrically spaced, and two loads of 
P/on, one at each support. Where there are only 7 ~1 equal loads, 
the span being divided into » equal panels then 


M Pi (4 =1) 
M. = Ms = 72 n 


THE MOMENT DISTRIBUTION METHOD FOR 
CONTINUOUS BEAMS AND FRAMED 
STRUCTURES. — 


By Basit STANDING, M.Sc., A.M.I.Mech.E., M.R.San.]J. 


INTRODUCTION. 


Up to the time of the introduction of the method of moment 
distribution by Professor Hardy Cross in 1930, the methods avail- 
able for analysis of continuous beams with unsymmetrical spans 
and loadings, and of frameworks with rigid joints, were such that, 
in all but the simplest cases, the numerical calculations involved 
were extremely lengthy and laborious. The theorem of three 
moments applied to beams of varying section, and of more than 
about four spans, and especially if settlement of the supports 
occurred, involved the solution of simultaneous equations with 
cumbersome numerical coefficients. The method of slope de- 
flection suffered from much the same defects, with the added 
complication of a sign-convention which was somewhat difficult 
of application. Strain-energy methods, with or without the use 
of Maxwell’s theorem, had similar disadvantages, and the method 
of characteristic points required the use of quite complicated 
diagrams for even relatively simple frames. 

In addition, these methods gave results which were not of as 
high a degree of accuracy as the amount of calculation implied, 
and which, in any case, it was impossible to attain, in view of the 
uncertainty in the elastic and other properties of the materials 
concerned. For example, the uncertainty in the exact value of E 
for concrete, or the neglect of the strain-energy due to shear when 
using Castigliano’s theorems, méant that any great degree of 
refinement in the calculations was entirely unwarranted as far as 
the designer was concerned. 

The method of moment distribution, whilst involving a certain 
amount of numerical computation, but of the simplest kind, has, 
over these previous methods, certain definite advantages :— 


(2) No solution of equations is involved. 

(5) The process can be made a purely mechanical one, 
capable of quick and easy checking. 

(c) The accuracy obtained can be of any requisite degree. 

(Z4) The method enables the deflected form of the structure 
to be readily visualised. 
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Fig. 1. 
Method of Moment Distribution. 


Imagine first of all a structure, as shown in Fig. 1, with a 
pointer and’ scale attached to each of the joints B and C. Joints 
A and D are “built-in,” and therefore permanently fixed, but B 
and C may be prevented from rotation by clamps, or alternatively 
be free to rotate as desired. To start with, imagine B and C to be 
clamped, and let some load W be placed on span BC. The pointers 
will not move, as B and C are fixed, and the beam will be as in 
Fig. 2. _ Now let the clamp on joint B be loosened, and it may 
be imagined that the configuration will be as in Fig. 3, the pointer 
attached to B recording the rotation. Thus, with B clamped, a 
moment was caused at B by the load on BC, and the unclamping 


Fig. 3. 
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of B has now allowed span AB to be affected by the load, #.e., to 
incur bending moments due to the load. Thus the moment at 
B, initially prevented from being transmitted to AB by the clamping 
of B, has been ‘“‘distributed”’ to AB, or the ‘‘unbalanced’’ moment 
at B has been “distributed” or “balanced.” Just how much 
moment has gone to BA, and how much has remained in BC will 
be investigated later, but for the moment it can be imagined that, 
from the theory of simple bending, these amounts will be pro- 
portional to both the second moments of area (I) of the sections of 
AB and BC, and to their span lengths (i). 


Fig. 4. 


Now let B be clamped, and C released, and the pointer at C 
will indicate some such movement of C, as shown in Fig. 4. The 
moment at C has now been distributed. Now let C be clamped, 
and B released again. B will turn, as shown by the pointer, but 
not through as great a distance as before. But since B was 
balanced when it was released for the first time, this unbalanced 
moment, now being released, must have arisen at B as a result 
of the previous balancing at C. Thus it seems that a distribution 
at C, which divides an unbalanced moment there between the two 
ends of the spans (BC and CD) meeting there, also means that some 
moment is transmitted to B, 7.e., the part of a moment distributed 
to end C of span BC, also sets up a moment at the end B of BC. 
In other words, a certain amount of moment is “‘carried over’’ to 
the end of the span other than that at which it was applied. 

This process can now be continued, joints B and C being clamped 
and released alternately, till the motion of the joints, as recorded 
by the pointers, is imperceptible. The structure is now in equili- 
brium under the load, and the clamps may be removed. This 
procedure, in which a loaded structure is allowed to take up its 
normal deflected form in controlled stages, commencing with all 
members fixed at the ends, and in which each joint is released and 
fixed again in turn, so that unbalanced moments are distributed, 
is the basis of the method of moment distribution. 

As an example, the method is applied to the three-span con- 
tinuous beam just considered, with numerical values given to the 
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load, span, length, etc. The spans AB, BC and CD will be taken 
as each equal to 80 ft., and the values of I and E as constant for 
the three spans. © Thus, ignoring the actual meaning of ‘‘stiffness’”’ 
for the moment, the symmetry will ensure that an unbalanced 
moment will be distributed in equal parts on either side of a joint. 
If now B and C are clamped, corresponding to Fig. 2, and W =10 
Ibs. is placed midway along BC, then the moments at B and C 
in BC will be the same as for a built-in beam of the same span, and 
under an identical load, ; 


Wi _ 10x80: 
8 8 

Columns are drawn as,in Fig. 5, writing these moments as in 
line 1. They are the ‘‘fixed-end moments” (F.E.M.s), and will 
be both taken as -—¥°, .. Now imagine joint B to be freed, so that 
it takes up a position of equilibrium with the moments on either 
side of it equal. This can only be done by distributing the un- 
balanced moment of —100, and, since AB and BC are of equal 
stiffness the moments will be distributed as in line 2, 50 units to 
each side of the joint. The signs of the distributed portions will 
be as shown, and as there is only,one way of allotting signs to these 
portions so that the moments on either side of the joint are equal 
in magnitude and sign, there is no ambiguity, and no confusion 
as to sign should exist, and no errors should thereby be introduced. 


4.€., = 100 lbs. ft.’ 


Now release joint C, and this can also be done conveniently on 
line 2, because of the symmetry of the beam and its loading, the 
figures will be the same as for joint B. Now comes the process 
of carrying-over, and accepting the fact without proof for the 
moment, it can be shown that a moment M applied at one end 
of a beam, Fig. 6, will induce a moment of 4 M, and of the opposite 
sign, at the other end, this moment being required to keep the 
beam ‘horizontal. The carry-over, from both joints, is performed 
in line 3 the arrows indicating the carry-overs. (It is convenient 
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Fig.- 6. 

to rule a line after each distribution). Now a second distribution 
is carried out, line 4, B and C being released simultaneously as 
before. At this stage, however, there comes the question of how 
to treat the moments at the fixed ends. If an infinitely short 
extension of beam is imagined as existing to the left of A, then the 
moment, + 25 in this case, would be distributed as O to the right 
of A, and 25 to the left. Thus any moment at the end B of AB, 
obtained by distribution at B, has half carried over, with the sign 
changed to A, and after a hypothetical distribution at A receives’ 
no distributed portion, #.¢., 1s unchanged. Therefore, moments 
carried over to a fixed end are left there, unchanged in value and 
sign, and no carry-over from fixed ends (back to B in this case) 
can take place. | 

Continuing, lines 5, 6, 7 and 8 show successive distributions 
and carry-overs, till a point is reached where they only affect the 
numerical values of the final moments by negligible amounts. 
The process can, of course, be terminated at any point, according 
to the degree of accuracy required, i.e, after two distributions, 
line 4, the moment at B is 62-5; after four distributions, line 8, the 
moment is 66-4, and after an infinite number of distributions the 
moment would be 66-66, so that a continuation of the process 
after four or five distributions is unwarranted, as affecting only 
the figures after the decimal point. In general design work no 
more than: this number of distributions should be performed. 
(In this particular case, because of the symmetry of both structure 
and loading, it will be noted that the moments at the joints form 
geometric, and therefore convergent series, 

f 25 25 25 : 

4.€., 25 + Z (=6:25) + ié ( 1:56) + (=-39) + etc.). . 

A final point in regard to this example, and one applicable to all 
examples, is that a last carry-over to the fixed ends should be 
performed, as in line 8, before the moments are added up, as at 
line 9, to give the final equilibrium moments. 


Stiffness—Free Ends. 


The stiffness of a beam or member of a framework is defined as 
K = I/l, and moments distributed at a joint are apportioned. to 


4 
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the members meeting at a joint in the ratio of their stiffnesses, as 
shown in Appendix A. These stiffnesses, expressed as the simplest 
whole-number ratio, should be written over each joint for use in 
the distribution process.* 


Free ends, or simply-supported ends, can have no bending 
moment, and accordingly any moment carried over to a free end 
must be balanced by writing an equal moment of opposite sig 
below it. Then half of this moment, with the sign reversed, must 
be carried back to the adjacent joint. Fig. 7 shows this process 
applied to the same beam as in the previous example, A and D now 
being simply-supported ends. : 


Now, as a result of these steps, there is a moment of —50+12°5 
= —37:°5 at the end B-of AB, i.e. of 3 of —50, and this figure 
of ¢ will be same whatever the values of the moments, since 3 of 
the moment is carried over, and } carried back. Thus it would 
save labour if, instead of carrying over to A etc., the moment of 
100 at B had been distributed so that end B of AB only received 
2 of its normal balancing moment, 7.e. # of } the moment to be 
distributed, §, so that end B of BC would receive §. Thus the 
stiffness of AB might be taken as being # of its actual stiffness K, 
as given by I/i. This “effective” stiffness is used in Fig. 8, where 
the whole example is reworked, using these modified ‘‘distribution 
factors” or stiffness ratios. 


As a further example, consider Fig. 9, a three-span continuous 
beam, with end A freely-supported, and end D fixed. The stiff- 
nesses are given over the spans to which they apply. Thus, at B, 
BAS ec 4, and the distribution 
Koc 40 : 


factors are } and 3. 


It is easier to treat the free end as such, however, and use the 
equivalent stiffness of AB. The ratio will then be 


# x 13-33 1 
| 40 , 
and the distributive factors } and 4. 


The F.E.M.s are either worked out, in simple cases, or may be 
taken from the list in Appendix C. Then, before the distribution 
proper, the moment at the free end must be distributed and carried 
over as in line 2. Then the distributions and carry-overs are 
repeated as often as desired, the columns being totalled algebraic- 
ally to give the final moments. Knowing the support moments, 
they can be combined with the dead-load moments to give the 


* In the examples in the text, the ratios are shown in circles. 
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‘Fig. 7. 


DSTRIBUTION FACTORS 
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Fig. 10. 
complete bending moment diagram, Fig. 10. (Note that Fig. 10 


is not to scale). e 


Cantilever Ends. .~ 


As an example, consider Fig. 11, and imagine the fixed-end 
moments in AB to be 50, and the moment at B due to the load 
at the end of the cantilever to be 40. The unbalanced moment 
of 10 is to be distributed between AB and B.C. But no moment 
is required to rotate the end of the cantilever at B, as it has no 
stiffness. Thus all the unbalanced moment is distributed to end 
B of AB. AB can now be considered as having an equivalent 
stiffness of # as before, and a complete example using this method 
is shown at Fig. 12. 


514-7 — 295 


42:8 +20:1 420-4 _ “200 “200 
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Where a continuous beam is carried on one or more columns 
whose bases may be either fixed or free, the usual distribution may 
be carried out, although it becomes necessary to adopt a modified 
form of drawing up the distribution table. Two methods are 
given, and either may be adopted as found convenient. 
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(i) The columns in the distribution table are headed by the 
letters of the joints, and separate columns ruled under 
each letter, corresponding to the members meeting at 
that joint. Fig. 13 shows a double span framework (or. 
double “‘bent”), in which sidesway is prevented by a 
support at F. The distribution factors are as shown, 
as I is constant throughout. The distribution is carried 
out normally by the methods described above. 

(ii) In this, the second method of writing column moments, 
which has the disadvantages of being less easy to write 
out, and is less easy to.read, the moments are written at 
the top and bottom of any column, as shown in the simple 
example in Fig. 14. - 
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Fig. 15. 


CONTINUOUS BEAMS ‘AND FRAMED STRUCTURES 13 

The author considers that method (i) is preferable, especially 
where many columns, either. of single or multi-storey type, are 
involved. A point to be noted in regard to columns is that it is 
not necessary, as has been done in Fig. 13, to carry over half the 
moment to the base of the column after each distribution, but as 
this comes more properly within the scope of abbreviated methods, 
it will be discussed later as a general case. Another simple example, 
which combines a column and a cantilever end, is shown in Fig. 15. 


Check of Distribution. 

At this stage it becomes necessary to enquire as to a method of ' 
checking the correctness of the distribution. It is shown in 
Appendix A that, at any joint, the change in moment at the joint 
end of a member plus half the change in moment at the other end, 
is proportional to the stiffness of the member. The check has been 
applied in Fig. 15. Another example of the use of the check is 
shown in Fig. 16 where the calculations for the, F.E.M.s and the 
actual distribution are left as an exercise for the reader. 

One point to be noted in regard to the use of the check, as will 
be seen in Fig. 16, is that the original F.E.M.s and stiffnesses must 
be used, not the modified stiffness due to a free end, mor the F.E.M.s 
adjusted to allow for a free end,.either by itself or coupled-with a 
cantilever end. 


Sinking of Supports. . 
Where settlement of a support occurs, then the moments due 


to this settlement, assuming the joints held fixed and horizontal, 
may be calculated from the formulae given in Appendix A, 2.e., 


6EI5 


M= (for a fixed-ended beam), etc. 
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14 THE MOMENT DISTRIBUTION METHOD FOR 


A T 920 w in” cS I 1200 mt © I> wt oF 


Ww * ES tons PE Foor 


Mi © @ BO 
od ee 


SETTLEMENT , Wir JOWTS WELD AGANST Rsranon 
i.@ Fxgo- Enps: 


ZB e aqme eee ee 


Neal T7 TOO BRG IB TTT a 
ans S72 Go o ooes Peewee, sO% °” 
c emis Dor det ee. ae 


: SEIA J * BrAs hs 192012 : 
far + &40 
« CB ‘6era/ees : 384 
a DC . +] 2 3 e Iso 
PS To ) AND BUTED 
-660 +1321 -8S3 [-14 “1014 
+264 -129 |+32 


26 rk oy 
win soles } 


a —~ -3 
© Einar M25 -teS50 “7087 “OT 


Fig. 17. 


CONTINUOUS BEAMS AND FRAMED STRUCTURES 15 


This is done in Fig. 17, where the fixed-end moments due to 
the loading are first calculated, then the moments due to settlement, 
the two being added algebraically before the distribution is com- 
menced. 

The formulae can be applied to any case where known move- 
ments of a joint occur, as, for example, in the cases’, of the move- 
ments shown in Figs. 18, 19 and 20. 
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Fig. 18. 
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For a ready indication of the convenience and rapidity of the 
distribution method, as compared with the theorem of three 
moments, the reader is recommended to solve the example of Fig. 7, 
using this theorem, and contrast it with the extremely short working 
given in the text. | : , 

Abbreviated Methods. 

After a period of use, especially where one particular type of 
structure only has been investigated, it becomes possible to abbre- 
viate the method. The use of the modified stiffness for a free end 
(? K) is the first short method, and a second one consists in taking 
an effective stiffness of 4 I/L for a symmetrical interior span, where 
the structure and loading are both symmetrical. This is shown 
in Fig. 21, and it will be noted that there is (2) no need to carry over 
within the interior spah concerned, and (b) the distribution need 
be performed for only half the structure, as it will be identical for 
the other half. 


34k: 3 KT EK:S K-7 WKS 


Finat. Moments.-6oS” 
Fig. 21. 


Another form of abbreviated computation consists in omitting 
the distributed moments, writing only the moments carried over. 
After the required number of distributions, the original fixed-end 
moments and the moments carried over are added, and the un- 
balanced total is then distributed. Fig. 22 is an example of this 
method worked in normal -fashion-(a), then using the process just 
described (b), and finally using this abbreviated form with equi- 
valent K.s for the end spans (c). The only disadvantage of this 
shortened form is that the calculation no longer follows the physical 
conception of distribution. 

Fig. 23 shows the method applied to the beam of Fig. 16. Two 
other devices which save labour are shown in Fig. 24 and in Fig. 15. 
In the former, the carry-overs to a fixed end are not performed 
after each distribution, but in one operation after the final dis- 
tribution, and the latter case is’similar, where moments distributed 
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Fig. 24, 

to the top of a column need not be written in a column on the 

distribution sheet, but obtained as the difference between the 

moments at the ends of the beams meeting at the column, and the 

moment at the base of this column (if built in) is then half of the 
moment at the top and of opposite sign. 
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Summary of Method. 


(2) Take fixing moments or F.E.M.s as —ve, and therefore 
any moments of opposite sense as +V®, 

(5) Work out the stiffmess or I/i value for each member 
meeting at a joint, using ? of the actual I/? value for any 
member whose other.end is free. Reduce these stiffnesses 
to the lowest whole-number ratio, to give the distribution 
factors. 

(c) With cantilever ends, distribute all the unbalanced 
moments acting at the end of the cantilever to the next 
span, and treat this span as free-ended. 

(2) Carry the distributions as far as is necessary to give the 

. requisite accuracy. 

(e) Check the distribution after the final moments have been 

totalled up. 


I= 106-6 
K* $33 . 4K*4 


“66-66 ~86-66] -1S0 ~160 |-266 ~266 
466-66 33:33 +1335 4266 
=too |-1S0 ~ISQ |~4.00 
~SS "222-2 |422-2 —143| +13 ~39-6 
TUS ~tt-t 
+79 31-8 |-31-8 46-3 | ~3-l HS 

2 | . 415-9 
-o3 -tA [+ 1-4 -9-+4 [+45 22 
+45 “0:7 ; 
+o0-5 +2:0 |-&-0 40-4 |-0-2 +0: 
- 89.8/'-8735 -291-3 |-327-A 
-873 2A 
426 Y 425  [-35-9 YS -362 
To GASE of <a.8 To BASE OF Con. c 
-1:3 + ea 
be 898 fg F875 2015 6.-y, S272 se 
. Oe meen eer ‘ Stee eeennon f: a 1 
m ison 
1: a! 
ii yO 
te 3 ‘| 
~y ay 


20 ~-. . THE MOMENT DISTRIBUTION METHOD FOR 


Frameworks. 


The application of the method to two-dimensional frameworks 
follows along the lines of the examples already given, Figs. 13 and 
14 being cases of simple frameworks, symmetrical both with regard 
to configuration and to load, or in which “sway” is prevented by 
other means. In general, if this symmetry exists, or if sway is 
prevented, then the problem is best solved by unfolding the frame, 
on the lines of Fig. 13, and distributing normally. Further examples 
are given in Figs. 25 and 26. . 


In practice, however, frames will be found which are neither 
symmetrical of outline nor of loading, and it can be visualised that 
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“sway” of the frame will oceur, so that an amplified method of 
solution is necessary. Summarised, this is as follows :— 


(1) 


(6) 


Perform the moment distribution, using the F.E.M.s 
calculated from the loading. 


Calculate the unbalanced shear acting on the frame due 
to the moments found in (1). This shear has now to be 
corrected. a3 
Apply a set of arbitrary moments consistent with the 
geometrics of the outline, and with the structural values 
of the members, and distribute these moments. 

Deduce the unbalanced shear caused by these moments. 
Apply a correcting shear to the frame, which, using (4) 
and (3) will be in the form of moments. 

Total the moments due'to the loading and the correcting 


moment given by (5) to give the final moments on the 
frame. 


A simple example of this method, worked in detail, is shown in 
Fig. 28, the various steps being :— 


(1) 
(2) 


(3) 


(4) 


(6) 


Calculate the F.E.M.s. and distribute as usual (Fig. 28 a). 
The sense of the distributed moments is as at Fig. 28 b, so 
that the unbalanced shear is 6-01 to the left. 
A sway as shown at (c) produces a deflection at the tops 
of both of the columns. Then, if the deflection is A, the 
moments on the left-hand column AB will be 


6EIn A 
DB 
and will be given an arbitrary value of 80. 
; ; 3EIoA 
‘The moment at C in CD will be or (1) 
Now, 224 aie S230 (2) 


so that (1), substituting for A from (2), and for the given 
values of Ins, Ip, Zan and Jen, will be 10. 


These moments are distributed at (d) and produce a shear 
of 10-36 to the right. 


Now a correcting shear of 6-01 to the right is required, 
so that the moments in (d) are each multiplied by 


r 6-01 
- 10-36 


added to the moments at (a) to give the final moment 
as at (e). 


and 


SO} 4582/4882  ~“lass less O | 
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@ = 10-36 tbs. 
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Fig. 28. 


Another type of problem occurs when a bent or portal frame is 
subjected to a sway load, which may, or may not be combined 
with the usual type of gravity loading. Fig. 29 is an example, 
where it is required to find the moments due to a sway load of 10 
units as shown, assuming the horizontal member.to be rigid. This 
assumption is necessary in all unsymmetrically loaded frames of 
this type, otherwise it would be possible for the tops of the columns 
to move through unequal distances, and no relationship between 
the arbitrary moments applied to the columns would then exist. 
In the majority of factory buildings or other framed structures, the 
dimensions of the girders and columns are such that this assumption 
is warranted. 

Arbitrary moments of 100 are first assumed for AB, and this 
gives arbitrary moments in CD of 133. These are distributed, ’ 
and lead to a shear of 16-4 units in the same direction as the applied 
load of 10 units. Thus the moments given by this distribution, 
reduced in the ratio 10 : 16-4, will be the final moments at the 
various points of the frame. 
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As a further example of lack of symmetry leading to the sway”’ 
type of problem, Fig. 30 may be considered. The F.E.M.s are 
calculated, and then distributed as at (a). The unbalanced shear 
resulting is calculated from these moments, and is seen to be 17:8 
units to the right. Then, at (b), arbitrary moments of 100 units 
are applied to the columns, the fact that the columns are identical, 
making the moments the same for each column. These moments, 
on distribution, lead to an unbalanced shear of 6:5 units. Thus, 
these moments at (b), multiplied by —17-8/6-5 will be the correcting 
moments, and are added to the original moments at (c) to give the 
final moments on the frame. The deflected form can now be 
sketched, (d). The final bending moment diagram then follows, 
the free-end moments being required for CD. In this connection, 
and especially where reinforced concrete structures are under con- | 
sideration, it is advantageous to plot moment diagrams in such a 
fashion that the various areas of the diagram are always on the 
tension side of the member. This is extremely useful when the 
provision and disposition of reinforcement is to be detailed. 
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Fig. 30. 


CONTINUOUS BEAMS AND FRAMED STRUCTURES 


Fig. 30d. 


Wind Loading. 

Fig. 31 shows a single unsymmetrical portal subjected to a 
wind load along one side. The fixed-end moments are distributed 
at (a), giving an unbalanced shear to the right of 47. Arbitrary 


moments of 100 are taken as acting on AB, and those on CD will 


therefore be 
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100 x Kenllen x 6 = 100 x4x2x6 = 95 
Kas/aax3 8 x8x3 


These are distributed at (b), and give rise to an unbalanced shear 
to the right of 45:5. Thus the correcting moments to be added 
to those of the initial distribution are those at (b) multiplied by 


47-0 
~ 4555 
The final step in the calculation is then as at c. 


‘(MasMeye. 
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Fig. 32. 
End Shears. 


So far, no mention has been made of the method of calculating 
the shears on a framework from a knowledge of the moments 
acting ori the various members. This, however, follows from the 
ordinary laws of statical equilibrium, and should present no diffi- 
culty. For easy reference, the various combinations of moments 
which may act on a member, and the resulting shears, have been 
tabulated in Fig. 32. 

. An example involving a cantilevered member is shown in 
Fig. 33. This is a type of structure such as might occur in a 
transport shelter or shopping arcade. 
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ARBITRARY 
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Frames with Sloping Members. 

This type of framework is in use on the top storey of many 
large buildings, and can be analysed by the distribution methods 
already considered. Fig. 34 is a convenient example, and differs 
only from previous examples in that it is necessary to investigate 
the relative joint displacements when the arbitrary sway is applied. 
First of all, imagine a prop at B, acting horizontally to prevent 
sway. The magnitude of the reaction at the prop and the reaction 
at D, in the direction of DC, are found by taking moments about 
D and B, and are 3-75 and 6-25 tons respectively. 

Now, apply an arbitrary sway to the frame as at (5). If AB 
is imagined to sway through unit distance to the left, and the joints 
are prevented from rotating, then C must also move through unit 
distance horizontally, and the movements at C are found from the 
small triangle of displacements shown at C. If now the moment 
at B in AB is given an arbitrary value of 100, those in BC and CD 
can be calculated as previously, expressing their deflections x and y 
in terms of the deflection of AB and the arbitrary moment applied 
to AB. These moments are now distributed as at (c). The 
remainder of the solution consists in evaluating the horizontal 
reaction at C from these moments (d), and, by comparing this 
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reaction with that found at (a), calculating the correcting moments 
required, which are added to any original moments to give the final 
moments acting on the frame. 


Other Fields of Application. 


An example of the use of moment distribution methods applied 
to other than strictly structural work is Fig. 35, which represents 
a system of steel pipes fixed by heavy flanges to a rigid floor which 
is unaffected by stress or temperature. The pipes are all of the 
same section, and it is required to find tne outside diameter of the 
piping if the bending stresses due to a temperature rise of 100°C. 
caused by passing hot oil through the system, is not to exceed 
2 tons per sq. in. E = 13,000 tons per sq. in. and the coefficient 
of linear expansion is 11 x 10-8/°C. 


If CE is aSsumed to remain vertical, then the vertical deflection 


of Dis A = 6-6/10? inches, relative to C, and the moments induced 
in CD, with ends constrained against rotation, are 


6EIA  6x13,000xIx66 357 
12 = 790 x120x10?  ~ joo | (Fi8-35(a)) 


Now, considering the horizontal deflection of B relative to C, 
this will = 13-2/10? ins., 


5 eat 714 
and the moments (Fig. 35 (b) ) are similarly 7000 I, 


There will be an identical horizontal deflection of D relative 
to C, but as DF is of different length than AB, the induced moments 
will’ be different and in the ratio of the factors 1/l? for the two 
members, 7.¢., the moments in DF will be 

7141 1 318 


1000 ~ 1-52 ~ 1000 


I. (Fig. 35 (c) ) 
Ignoring for the moment the 1/1000 factor, these moments can 
be given the appropriate sign and distributed (d). 


To correct the resulting unbalanced shear, arbitrary moments 
are now applied :— 


M, = 100 = Mez All these are 
Maa = 100 = M; ; I 
100 x) oa 
Mor = My = ——> = 445 10° as with 
(1-5) the F.E.M.s. 


/ 

These are set out for distribution at (e). (To form an example 
for practice for the reader the actual distribution process has been 
omitted). This leads to an unbalanced shear in the opposite 
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direction to the previous one, and so these moments need only be 
multiplied by the ratio of the two shears to give the correcting 
moments. 


From the final moments, the maximum moment is chosen by 
inspection, and, with the ordinary formula for bending stresses, 
gives the required diameter as 8-86", say 9” in practice. For a 
comparison with the method of slope deflection, the reader -is 
recommended to solve this example, using this latter method, and 
to compare the time taken with that needed in the text, remem- 
bering that the distribution need not have been carried so far in 
actual practice. 


Conclusion. “6 


The moment distribution method, extended and expanded 
from the basic principles set out above, may be employed, with rare 
exceptions, to all structural problems previously solved by lengthy 
and laborious methods, and possesses none of the disadvantages of 
these methods mentioned earlier. 
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APPENDIX A. . 


The simple formulae required in the moment distribution method 
may be proved by the use of the slope deflection equations for a 
beam, the method of moment areas, or by using Castighano’s 
theorems. 

Consider a beam ABC, as shown in: Fig. AI (a), and let all the 
ete be fixed. The moments will be the fixed-end moments, 7.é. 

w 17/12 for a uniformly distributed load, etc. Now, at B, the clamp 
or fixing must supply a moment Ms = Msa — Moc tending to turn 
the beam at the support as shown (5). | Now, if the fixing is released 
at B, it will be equivalent to unloading the beam and applying a 
moment M; (c). Let Msx be the part of M, taken by AB, and 
imagine that joint B rotates through an angle 6, in an anti-clockwise 
fashion (d@). Using the slope-deflection equations, 


a 2EIs 
- Ma = —— (0-246) (1) 
bax . 
re 2EInc 
and Moe = —— (0 + 2 6s) (2) 
Mon  Ina/len Koa 
Thus . 2. = ie _ Ae (3) 


Tuc/lac Kae 
t.é., the unbalanced moment at B is distributed between the ends 
of the beams meeting at B in the proportion of their stiffnesses 
K (=I/2). 
Now M, = Masa + Moc (ignoring the signs of the 
Ke a moments). 
= Kae Msc + Mac 
gp __Kee 
M.S 
Koc + Kua 
va wa : Kav: 
and Mas = Ms; =—— 
om : Kae + Kaa 
‘These expressions, (4) and (5), give the proportions of the unbalanced 
moment which are taken by the beam on either side of the support, 
and if the proof is extended to a joint with ~ members meeting 
there, then M,, the moment taken by any member, will be given by 


Mac (4) 


l 


(5) 


piney ae t 


Meee aK 


- where-M is the unbalanced moment. 
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Carry-Over. 


The physical process of clamping and releasing joints, discussed 
at the beginning, showed that a moment distributed to one end 
of a beam, resulted in a moment being transmitted or carried over 
to the other end, and it was assumed that 4 of the moment was 
carried over. This can be proved as follows :— 


Consider (d) of Fig. Al. 
Then, applying the slope deflection equation, 


ar Tas Tas las Mas 
Mi. oF —"16) aoe 
ae er Chg (4) Ee tery. ons) 
= Mu 
2 
A @) B c 


Mea BC 


Fig. At. 


and with the sign convention used, then M, is of opposite sign to 
Maa, as shown by Fig. 6. 


Thus } of a moment distributed to the end of a beam at a joint, 
must be carried over to the other end of a beam, and its sign 
reversed. 


Moments due to Deflection. 
The moment due to the deflection of a fixed end, generally by 
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6EI5 


n° or for a free 


settlement of a support, has been taken as 


Ié 
end as nee and this is most easily proved by the theorem 


[2 
of area moments. 


Fig. A2. 


Consider a beam AB as shown, Fig. A2 (a), where end B is 
deflected downwards through a distance 5, and a moment M is 
required to keep the deflected end horizontal. Then the bending 
moment diagram is as at (d), and, equating the deflection of B, 
relative to the tangent to the beam at A, to the moment of the 
bending moment diagram about B, divided by E I, 
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For a free end, Fig. A3, 
M = Wi 


18 
and ee Aas so that M = —— 


These moments are added to the fixed-end moments algebraic- 
ally before the distribution commences. 


Effect of Free and Fixed Ends on Distribution—General Case. 


Consider a joint A, with an unbalanced torque at moment of 
M, applied, and let the resulting rotation be @,, which is constant 
for all members. Then at a fixed end @ = O, and at a free end 
M =O. _ Let members CA, BA, EA and DA, with ends as shown, 
Fig. A4, meet at A. 


Fig. Aa. . 


Then, using the slope deflection equations, a 
Mz, =O and... -& = --206, 


For Member 1, BA, a» “ORE 7 
- H,., = — [ 40-264 | 
ly 
_2EL 35 _ _ SE g 
A 2 ly 
ly 
or & = Ma; 
3EI, 
ge 2EI 
Member 2 (CA) :—-@.=@; and —Ma, = - 2(-20 
2 
. ly 
or & = Mag 
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_Member 3 (AD) :—Mp= 0, 
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= 3EI ' Lik 
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= Free ends. Fixed ends. 
and Mag, etc., are derived similarly. 
Thus, if only one fixed- and one free-ended member meet at 


= 1,/2 
A, Ma = Ma 7 44 
—-+.—- = 
Le Be 
= I,/t 
and Ma, = Ma I ate I 
aL + at 
L, 3 1, 


The above expressions give the distribution factors for members 
meeting at a rigid joint with a combination of fixed and free sup- 
ports. The carry-over factor from a free end to a fixed end is 
normally 4, but if the above distribution factors are used, in which 
the stiffness of fixed-ended beams is taken as 4/3 of its I/2 value 
(or in which the stiffnesses of free-ended beams have been reduced 
to 3/4 of their I// value), then the carry-over factor is zero, after 
one initial carry-over. 


Check of Correctness of Distribution. 
With the structure in its final equilibrium position, then 


(i) The moments on each side of a support, in the absence 
of any external couple, must be equal, i.e. the net 
moment at a support must. be zero. 
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(ii) The slopes of the beam on the two sides of a support 
must be equal. 


Now, with fixed end moments (and any deflection. moments) 
acting, the Slope is zero before the distribution, so that the slope 
at a support is due to the change of moments. 


Let A Mi; = Final moment—Fixed end Peaetinctibes if 
present) moments 
= Change in moment due to distribution only. 
and similarly for A Mya, A Mac, and A Mop. 


Fig. A&. 


Consider Fig. A5, and taking joint B for AB, with origin at A, 


0 = Va—Va = O,/, + 


xz 
El, =)? 6p 
x [A Mas + 2 A Maa] 
A Mss + $ A Mas 


4.€., 6s So 
3EK, 
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For BC, with origin at C, _ 
A Mse + $ A Mes 


63 = + 
3EK, 
Thus AMss + 3 A Mas ea meres Ky 
A Msc + $ A Mes Ky 


i.e., the sum of the changes in bending moment in a member (a) 
at a joint and (b) at the other end of a member, are proportional 
to the stiffness of the member. 


The check has been applied to the distributions shown in Figs. 
15 and 16. It will be noted that in some cases, t.e. Fig. 29, the 
check does not give the expression A Ms, + + A Mas as being 
exactly proportional to K for the member considered. This is 
because in these examples the distributions have only been carried 
to three stages, and the resulting moments are therefore only rough 
approximations. The reader is recommended to carry the dis- 
tributions to six or seven stages for practice, and then to apply the 
check again. 


| APPENDIX B. 


Further information on moment distribution methods may be 
obtained from Professor Hardy Cross’s original paper (Trans. Amer. 
Soc. C.E., Vol. 96, 1932, Paper No. 1793), or his book, in colla- 
boration with Professor N. B. Morgan, “Continuous Frames of 
Reinforced Concrete,” John Wiley and Sons, and also from the 
following books and papers, among others :— 


“Structural Analysis,” Cassie, Longmans. 

“Continuous Beam Structures,” Shepley, Concrete Publications. 

“Analysis of Engineering Structures,” Pippard and Baker. 

“Concrete and Constructional Engineering,” April and July, 1932, and 
October, 1934. ; 

“The Problem of Sway in Complicated Rigid Frames,” . J. Inst. C.E., 
Vol. 24 1944-5), No. 6, p. 99 (April, 1945). 

“Moment Distribution Applied to Rectangular Rigid Space Frames,” 
J. Inst. C.E., 1947-8, Jan. '48, No. 3, p. 221. 


These latter works all use a modified form of the original nota- 
tion used in the preceding examples, in that fixed-end moments 
are given as —Vv¢ (left-hand end) and + (right-hand end). This 
means that no change of sign is needed when carrying over, and 
involves other small modifications in the use of signs. This sign * 
convention does not seem to possess any marked advantages over 
the original convention in which F.E.M.s are taken as both —v-. 
However, it is recommended that practice be had with both, the 
final choice of convention being based on experience. | 
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APPENDIX C. 


Below are given the commonly needed F.E.M.s, in terms of the 
span and the loading. 


All general cases have been included, from which any particular 
case may be derived, 7.e. a point load dividing a beam of length / 
into portions of lengths a and 0 is considered, and the F.E.M.s 
given is terms of a and b and /. The case of a number of loads at 
various positions along the beam can then be worked out, using 
this result, Fig. C.1. | 


Zor Ten Loan so Ul 
3+18+2? 3+2+19% : 


DisiiGuTED Load 


The moment distribution method itself has a wide application 
in the determination of-fixed-end moments. The case of a beam 
with an unsymmetrical point load, Fig. C.2, furnishes a simple 
example. In this case fixed-end moments of a convenient magni- 
tude are given to one portion, AB, of the beam. Since the deflec- 
tion of the other portion is identical, the noments in this portion 
will be in proportion to these arbitrary moments, in the ratio of the 
values of I//** for the two portions. These moments are dis- 
tributed, and the shears on the beams computed from the final 
moments, and thus the load producing the arbitrary moments. 
The true moments are then found by multiplying these arbitrary 

actual load 


moments by the ratio of $ —————_______—_- 
load from arbitrary moments. 


*See Appendix A. 
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A.E.S.D. Printed Pamphlets and 
Other Publications in Stock. 


An up-to-date list of A.E.S.D. pamphlets in stock is obtainable 
on application to the Editor, The Draughisman, Onslow Hall, 
Little Green, Richmond, Surrey. 


A similar list is also published in The Draughtsman twice a year. 


Readers are asked to consult this list before ordering pamphlets 


published in previous sessions. 
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